We compare four different methods that can be used to analyze the type Ia supernovae (SnIa) data, ie to use piecewise-constant functions in terms of: the dark energy equation of state w(z), the deceleration parameter q(z), the Hubble parameter H(z) and finally the luminosity distance dL. These four quantities cover all aspects of the accelerating Universe, ie the phenomenological properties of dark energy, the expansion rate (first and second derivatives) of the Universe and the observations themselves. For the first two cases we also perform principal component analysis (PCA) so as to decorrelate the parameters, while for the last two cases we use novel analytic expressions to find the best-fit parameters. In order to test the methods we create mock SnIa data (2000 points, uniform in redshift z ∈ [0, 1.5]) for three fiducial cosmologies: the cosmological constant model (ΛCDM), a linear expansion of the dark energy equation of state parameter w(a) = w0 + wa(1 − a) and the Hu-Sawicki f (R) model. We find that if we focus on the two mainstream approaches for the PCA, i.e. w(z) and q(z), then the best piecewise-constant scheme is always w(z). Finally, to our knowledge the piecewise-constant method for H(z) is new in the literature, while for the rest three methods we present several new analytic expressions.
I. INTRODUCTION
We live in an epoch at which several theories have been built to explain the observed accelerated expansion of the Universe, see Ref. [1] for a review. The discovery of this late-time acceleration of the Universe by [2] has led people to introduce a new ingredient to total matter density in the Universe: the dark energy. Such a component has raised severe, and still unsolved, theoretical problems which have led the community to search for alternative approaches to explain this late-time acceleration, namely modified gravity models and inhomogeneous models. The first approach simply postulates that general relativity is accurate up to a typical scale and it needs to be modified at larger scales; this modification could then lead to an observed acceleration. The second approach studies the effects of the large scale structures on the observed luminosity of distant supernovae of type Ia (SnIa).
Huge experimental efforts have been made to better understand the expansion of the Universe, see for instance [3] , [4] [5] , [6] , [7] for details on the surveys of Euclid, DES and PAU. All of these experiments are planned to collect an impressive amount of data for different observables to reduce the statistical errors on the cosmological parameters. Once the data from the different experiments are collected, then we need to be able to extract the largest amount of information on the cosmological parameters by using the smallest number of assumptions possible. This paper looks towards this direction: we use the principal component analysis (PCA) in order to decorrelate the parameters of interest and get unbiased constraints. Another advantage of the PCA is that there is no need to specify the cosmology; i.e. it is a model-independent approach, as the PCA will give us a set of functions that better describes the data [8] , [9] , [10] , [11] , [12] , [13] . More details on the procedure of the PCA and the relevant sets of equations for each approach are also presented in Sec. III and in the Appendix.
In this paper in particular, we will compare different forms of the PCA and analyze their advantages and disadvantages. The four different cases we will consider are These quantities are the most phenomenologically interesting ones as they are connected directly with the physical properties of the DE fluid (w(z)), the expansion rate of the Universe (H(z) and q(z)) and finally the measurements themselves (d L (z)).
We then analyze the four mentioned parameterizations with three different mock SnIa data based on different cosmologies:
1. The ΛCDM model with w = −1;
2. The w 0 w a CDM model with {w 0 , w a } = {−1.2, 0.5}; 3. The Hu and Sawicki f (R) [14] and Nesseris et al [15] model with {b, n} = {0.1, 1} parameters.
For all the mock catalogs we assume that Ω m0 = 0.3 and h = 0.7, while some more details about the construction of the mocks are given in Sec. IV.
As it will be quite clear in the next few sections, the novelty of our paper lies in the following two pillars: the systematic comparison of all the methods and their subsequent testing against mock data and against each other is done for the first time in the literature and second, we present several new analytical expressions for all four different forms of piecewise-constant methods. Our analysis will be immensely useful with the upcoming surveys that will collect a plethora of new data that will have to be analyzed in a systematic fashion and their cosmological information extracted.
Finally, the paper is organized as follows: in Sec. II we briefly review the background equations and the models we consider in this analysis, in Sec. III we briefly review the PCA and we present several novel results for all four forms of the PCA (see also the Appendix). In Sec. IV we present the results we found by applying the four different forms with the three mock catalogs; finally in Sec. V we summarize our conclusions, listing the advantages and disadvantages of all the forms of the PCA used in this paper.
II. THEORY
In this section we briefly review the equations for the ΛCDM, w 0 w a CDM and the Hu and Sawicki f (R) models. The w 0 w a CDM model assumes a linear expansion in terms of the scale factor of the dark energy equation of state, such that
The cosmological constant model ΛCDM corresponds to (w 0 , w a ) = (−1, 0). The Hubble parameter, assuming a flat universe, is given by
The Hu and Sawicki f (R) [14] is given by the action
where L m is the Lagrangian of matter and k 2 = 8πG and the function f (R) is given by
In Nesseris et al [15] it was shown that this can also be rewritten as
where Λ = . In this form it is obvious that the Hu and Sawicki model can be arbitrarily close to ΛCDM, depending on the parameters n and b. The explicit modified Friedmann equations can be found in Ref. [15] .
III. THE PCA
Let us suppose that we have a function f (x) well defined in the range x a and x b and we want to find the best parametrization to this function given a set of data D i . We can write the function f (x) with many piecewise-constant values as:
where f i are constant in each interval x i and θ(x i ) is the theta function, i.e. θ(x i ) = 1 for x i−1 < x ≤ x i and 0 elsewhere. N 1 is the number of parameters that we would like to constrain given the data. However, the parameters will be in general correlated; we can use the PCA to decorrelate the parameters f 's. Following Ref. [12] , we first build a diagonal matrix Λ ij with the eigenvalues of the Fisher matrix F ij , which is defined as the inverse of the covariance matrix C ij (obtained directly from the chains, when performed). Then we define a matrixW ij = W
km W mj where the matrix W T km is the transpose of W km and the latter is a matrix composed by the eigenvectors of Fisher matrix. We finally normalizeW ij such that its rows sum up to unity. The matrixW ij will give the uncorrelated parameters, i.e.
where M isthe total number of parameters. The variance of the parameters p i will then be
Our goal is to investigate which is the best parametrization that gives us the largest amount of information about the cosmology given a set of observations. So, in what follows we consider different parameterizations, such as: the deceleration parameter q(z), the dark energy EOS w(z), the Hubble parameter H(z) and the luminosity distance D L (z). We find the best fit and consequently the principal components (PC) of each parametrization and we then propagate this results to the other parameters. As an example, we find the best fit and the PC for the deceleration parameter q and then we convert the results to all the other parameters w, H and D L . In this way we are able to verify which is the optimal parametrization with which we can gain most of the information hidden in the data.
To clarify the analysis, let us consider a function ψ(z), where z is the redshift, and it can be used to calculate the luminosity distance d L (z) = d L (ψ(z)). As a first step we assume that the function ψ(z) can be approximated as piecewise-constant in redshift bins, as in Eq. (6); then we evaluate the luminosity distance d L which now will be a function of the constant ψ n :
In this case the values of the d L at one redshift will depend on all the ψ's in the previous redshifts, hence each value of ψ i will appear in several bins and consequently the ψ's will be correlated between different bins. The reason why we used the PCA is to decorrelate these parameters and to extract the maximal amount of information for the parameters. The analysis is based on the algebraic concept to find a linear transformation that it is able to diagonalize the covariance matrix.
A. The deceleration parameter q(z)
We start by presenting the results of the piecewise-constant deceleration parameter q, derived in Ref. [16] :
where q i are constant in each redshift bin z i and θ(z i ) is the theta function defined before. Once the PC of the q i parameters are found we can derive the other observables using the definition of the deceleration parameter:
.
It is important to notice that Eq. (17) depends on the matter density Ω m0 , for which we have to assume a specific value not derived from the data themselves (we will come back later on this).
B. The dark energy equation of state w(z)
We now want to apply the PCA directly to the dark energy EOS parameter w(z). As previously done for q, we rewrite w(z) as
where w i are constant in each redshift bin. Using the energy-momentum conservation ∇ µ T µν = 0 for an ideal fluid with equation of state w, we get the equation for the DE density can then be written, for z in the nth bin, as
where the coefficient c n is
Consequently, we can write the Hubble parameter and the luminosity distance as (see Appendix A 2 for more details)
where
and 2 F 1 (a, b; c; z) is a hypergeometric function [17] . Then, the deceleration parameter q will be given by inverting Eq. (17), i.e.
where Ω m (z) is given by Eq. (18) for which we use the Hubble parameter in Eq. (22) .
C. The Hubble parameter H(z)
In order to apply the PCA to the Hubble parameter H(z), we write it as
where h i are constant in each redshift bin. Using the definition of the luminosity distance along with the previous equations we have
where we have defined the constants g n ≡
). In order to find the dark energy EOS w we can use Eq. (16) and we find
where z ef f is the average redshift of the bin, i.e. z ef f (z i−1 + z i )/2 (see Appendix A 3 for more details). Also in this case the dark energy EOS parameter depends on the matter density Ω m0 and we need to fix it to a particular value.
To obtain the deceleration parameter q from the measurements of Hubble parameters h n , we start:
which can be integrated in the jth bin by assuming q j constant in that bin and we find:
where H j is the Hubble parameter evaluated at the j bin. So we find the deceleration parameter to be:
Similarly with before, see also the Appendix A 3 for more details, we note that the parameters H j are evaluated in the effective redshift z ef f , but the resulting parameters are evaluated at the sides of the bins x i z i−1 . It is also interesting to notice that we can also evaluate the deceleration parameter by applying the definition of the derivative to the Eq. (29); the deceleration parameter becomes simpler and we can also avoid the problem of defining the mean redshift:
being dz the bin width. We checked both Eqs. (30) and (31) and we found that the results are almost identical. However, in this work we prefer to use Eq. (30) to evaluate the deceleration parameter as the definition of the derivative applies only when the infinitesimal quantity dz in Eq. (31) is small enough.
D. The luminosity distance dL(z)
Let us write the luminosity distance
where d L,i are constant in each redshift bin. Similarly with before, see also the Appendix A 4 for more details, we note that the parameters d L,i are evaluated in the effective redshift z ef f,i . Therefore, in order to get an estimate for w(z) and q(z) in this case, we can follow the same procedure as before. Using the definition of the luminosity distance at two redshifts z ef f,i and z ef f,i−1 we have
from which we can estimate H(x) at the ith bin and finally estimate w i using Eq. (28). In this case the values w i will correspond to the z ef f redshift and not z i . We have successfully tested these results with numeric tests and as before, we assume that our models do not have any fast transitions. However, in this case we cannot discriminate between a constant d L (z) and a constant distance modulus µ(z), since these two are connected via
where D L (z) the dimensionless luminosity distance and µ 0 = 5 log 10 (
Mpc ) + 25 42.384 − 5 log 10 h. For the same reason we cannot differentiate d L,i from µ 0 , since the latter is just a rescaling of the normalization, unless we fix h. For these reasons, in what follows we will consider piecewise-constant µ and by assuming a value for h we can later convert the best fits to d L and use the previous relations to extract the cosmology. So, let us write the distance modulus µ(z) as
where µ i are constant in each redshift bin (see Appendix A 4 for more details). By making the distance modulus µ(z) piecewise-constant we have a diagonal covariance matrix which means that the parameters are already uncorrelated and we do not have to follow the PCA approach in this case (as the advantage to use the PCA is to decorrelate the parameters, i.e. make the covariance matrix diagonal). In order to extract the cosmology we can invert Eq. (35) to find the dimensionless luminosity distance as
where µ 0 42.384 − 5 log 10 h. We show these results in the next section. However, we should mention that since D L is discontinuous on the redshift shell boundaries, this will lead to a large χ 2 because of the assumptions, i.e. at the shell edges the model D L is bound to have a χ 2 which becomes too large if there is enough data. This effect is illustrated in Fig. 1 , where we compare the luminosity distance when D L is piecewise-constant in each bin (left) and when q is piecewise-constant in each bin. In the first case, the luminosity distance clearly has a discontinuity at the edge of the bins, while in the second case it is continuous. As can be seen in the plot, the difference between the best-fit value (horizontal red line) and the data points near the edge of the shells is quite big, thus leading to a large χ 2 . However, despite of this limitation we decided to also include this parametrization in our analysis for several reasons. First, as can be seen in Appendix A 4 this parametrization is equivalent to directly binning the SnIa. Second, our goal is to use as many different parametrizations as possible in order to cover all phenomenological properties of dark energy, going from the very fundamental w(z), to the expansion of the Universe (H(z) and w(z)) to the observations themselves (D L (z)).
IV. RESULTS
In order to compare the different methods we created mock SnIa data based on an a priori known cosmologies corresponding to the ΛCDM , w a CDM and f (R) models. Since we are more interested in testing the methods themselves rather than worrying if the differences are due to the construction of the data, we evaluated 2000 distance moduli uniformly distributed in the range z ∈ [0, 1.5]; the distance modulus µ th (z) was estimated as its theoretical value plus a gaussian error (that can be negative or positive) and constant errors of 0.1. Also, we should stress that since this is the first time this comparison appears in the literature we implement the simplest possible way to produce mock data, as we are mainly concerned with comparing the different methods and not eliminating all possible sources of error in the data. Therefore, using more realistic mock SnIa data but also other kinds of data has been left for future work, since as mentioned before our current focus is the comparison of all the methods.
As mentioned previously, in order to apply the PCA to the q n , w n , H n and D Ln we need to find first the best-fit, given a data set, for the parameters. For our purpose, we divide the survey into 10 equally spaced redshift bins up to z = 1.5. To determine the best fit parameters we proceed in two different ways:
• For the q n and w n , we perform a Monte Carlo Markov chain (MCMC) method, implemented by using the code of [18] . In the analysis we used more than 50000 steps each for the parametrizations of q(z) and w(z).
• For the H n and D Ln , we simply evaluate the minimum of the χ 2 analytically.
Therefore, we have four distinct piecewise-constant methods in order to fit the data: method 1 the deceleration parameter q(z), method 2) the dark energy equation of state w(z), method 3 the Hubble parameter H(z) and method 4 the luminosity distance D L . The reason we treat the last two methods differently is that for the luminosity distance D L , we do not have to perform the PCA as the covariance matrix is already diagonal, i.e. the parameters are uncorrelated, while for the Hubble parameter H(z) we found that the PCA fails for two reasons: first, because the parameters h −1 i are highly correlated in a manner that a linear transformation, i.e. the PCA, cannot disentangle them, and also the Fisher matrix has a highly unusual structure with several elements repeated across its rows and columns, see Eq. (A31) in the Appendix. Also, we found that due to the fact that the parameters h −1 i are highly correlated a MCMC approach also fails since the sampler was always stuck along the degenerate lines ∼ h
i−1 and far away from the minimum. Then, we use the best-fit values in each case and the formulas found in the Appendix for each method, in order to calculate the "derived" parameters. For example, in the third method for the Hubble data, first we calculate the best fit and then we use the expressions to calculate the parameters q, w and D L . To summarize, our methodology is as follows:
1. Find the best fits for all the methods, either with a MCMC or analytically.
2. If needed, do the PCA to diagonalize the covariance matrix (q and w only).
3. Find the derived parameters in each case.
Compare the methods.
In Fig. 2 we present a flowchart that illustrates and clarifies our methodology, while in Fig. 3 we plot the PCA values of the deceleration parameter q and the equation of state w for the 10 bins (first and second row respectively), while in Table I we show their corresponding values and 1 σ errors. In Fig. 3 we show the best-fit parameters for the Hubble parameter H and D L (third and fourth row), while in Table II we show their corresponding values and 1 σ errors. In both cases, the different columns correspond to the different cosmologies ΛCDM, CPL and f (R), as indicated by the labels.
A limitation with some of the methods is that they require values for Ω m0 in order to get an estimate of w(z), see Eq. (17) or values of H 0 like in the fourth method where it cannot be estimated by the data or at least marginalized Table I : PCA values for q and w and their 1σ errors for three different cosmologies. Note that while we report the best-fit value of the χ 2 from the MCMC, i.e. the value at the minimum χ Table II : The best-fit values for H and dL and their 1σ errors for three different cosmologies. Note that we do not present the best-fit values for the χ 2 for the luminosity distance DL(z), as in this case the χ 2 min is too large, since as can be easily seen by inspecting the definition of the chi-square, the value of DL(z) in each bin will be constant, thus over(under)estimating the difference between the theoretical value and the measured one and as a result affecting the χ 2 . The effect of the discontinuity is also shown in Fig. 1 , where the case of the piecewise-constant DL is compared to DL for the piecewise-constant q.
over. In this case, since we are not supposed to know the true parameters of our cosmology we will use the Planck best fits Ω m0 = 0.315 ± 0.017 and H 0 = (67.3 ± 1.2)kms −1 Mpc −1 . In all cases we took care to propagate the errors from Ω m0 and H 0 to the derived parameters.
Schematically, the difficulties of the different methods are
• Piecewise-constant q n : when we want to extract information on the EOS parameter w, we need to assume a value for the matter density Ω m0 , for which we use the Planck prior mentioned above; this is because the expression of the luminosity distant Eq. (13) does not depend on Ω m0 , consequently we cannot use the chains to estimate the best-fit value of the matter density. On the other hand, the Hubble parameter H n and the luminosity distance d L,n do not depend on Ω m0 .
• Piecewise-constant w n : Ω m0 is a free parameter and we can find the best-fit value of Ω m0 directly from the chain along with the values of w n . This value for Ω m0 will be propagated to all the other parameters, q n , H n and d L,n , as they all depend on the matter density Ω m0 .
• Piecewise-constant H n : when we want to extract information on the EOS parameter w, we need to assume a value for the matter density Ω m0 , for which we use the Planck prior mentioned above. On the other hand, the deceleration parameter q n and the luminosity distance d L,n do not depend on Ω m0 . However, using this method to find the Hubble parameter, we need to assume a value for the Hubble constant H 0 .
• Piecewise-constant µ n : in this case the deceleration parameter and the Hubble parameter do not depend on The luminosity distance when DL is piecewise-constant in each bin (left) and when q is piecewise-constant in each bin. In the first case, luminosity distance clearly has a discontinuity at the edge of the bins, while in the second case it is continuous. This discontinuity causes the large χ 2 as mentioned in Table II .
Ω m0 , but the EOS parameter does so the matter density parameter needs to be propagated. Also using this method, in order to find the best fit of the quantities d L,n we need to use a prior for the Hubble constant H 0 .
As can be seen in Tables. I and II (and also from Fig. 3 ), the method that gives the least errors is the direct measurement of the luminosity distance D L (which is the dimensionless luminosity distant), where the errors are of the order of 0.5% in average with respect to their corresponding measurements. We should remind that we have not marginalized over the Hubble constant H 0 , for which we assumed it as constant. This result is quite obvious since SnIa directly measure the distance modulus µ which is connected to the luminosity distance; this is also reflected in Table III where the best reconstruction of the derived parameters comes from the direct measurement of the luminosity distance.
Finally, we should stress that the values shown in Table II correspond to the dimensionless luminosity distance D L , so the errors do not have any units. Regarding the small value of the errors, these can be explained by understanding how the propagation of the errors occurs. The error on D L will be given by the derivative of D L with respect to µ i , see (A65), times the error of the best-fit distance modulus, i.e. σ
2 , but σ µ is given by (A62) and
, where σ i = 0.1 for all points, so that σ µ ∼ 0.007 and σ D L ∼ 10 −3 .
A. Comparison to the different parameters
In this section we will compare the different methods and we will also study their advantages and weakness with respect to each other.
Let us define two quantities, called the bias and variance, [19] and [20] :
where y(z i ) are the reconstructed parameters in each bin i.e. w, q, H, d L , y real (z i ) are the "real" values of the parameters, and n tot is the number of points. The bias tells us how different are the reconstructed parameters from the real ones, while the variance tells us how big are the errors. Then we also define the risk as the sum of the two risk = bias + variance,
so that reconstruction methods that give results closer to the real cosmology and have smaller errors, will have a smaller value for the risk. We prefer to use the risk rather than the usual χ 2 analysis for two reasons: first, the risk is precisely aimed at measuring the closeness of an estimated quantity to the corresponding theoretical function taking in consideration also the errors of the estimated quantity; second, as reported in details in the Appendix B, the χ 2 analysis fails to describes the goodness of the data in this analysis. In this case, the risk better describes the goodness of the reconstructed quantities as we are not interested to find the best fit to the data but rather to find the reconstructed quantities that give the original cosmology. Let us make an example to clarify the problem with the χ 2 . Imagine we have two different cases: in the first case, the reconstructed quantity is far from the real one but it has small errors, and in the second case the reconstructed quantity is very close to the real one but it has large errors. The two reconstructions might give the same risk implying that they are equally bad. If instead we use the χ 2 , then the second case would be preferred with respect to the first one, thus giving a biased result. Since our aim is to find the best reconstruction of the curve with the smallest errors, the second case is not to be preferred to the first one.
For the sake of completeness, we also evaluated the χ 2 for all the four reconstructions for the three different cosmologies in Appendix B. However, in this context, these values should be not taken seriously because the χ 2 fails to describe the closeness of reconstructed quantities, as previously reported. The results for the risk for the three cosmologies are shown in Tables III, IV In all the plots the red dashed line is the corresponding theoretical functions used to create the mock catalogs. For the q and w parameters (first and second rows) we show the PCA values given by Eqs. (7) and (8), while for H and DL (third and fourth rows) we show the best-fit values.
column and fourth row, e.g. in Table III that value would be 0.056. If we choose one parameter of interest (say w) and ask what is the best method to reconstruct this parameter, then we find that the best method is always the luminosity distance piecewise-constant scheme, followed by w. Between the two PCA methods considered in this analysis (q and w), w is better at reconstructing both q and w.
The problem here is that if we want to reconstruct w from q, then the error propagation formula is
Both terms in Eq. (41) are proportional to (1 + z) −3w which is an increasing function with redshift; however, the small value of σ Ωm 0 washes away the information of the matter density and the only contribution comes from the q n , leading to σ w σ q . This also explains the values of the risk of about 215 (first row and second column) in Table III . The same discussion can be applied to the case when we have H and we want to reconstruct w. In this case we have
The risk for ΛCDM h h h h h h h h h h h h h
The derivative in terms of H scales as ∂w/∂H ∼ (1 + z) 3/2 / ln(1 + z), whereas the one in terms of Ω m0 scales as ∂w/∂Ω m0 ∼ (1 + z) −3w / ln(1 + z). Clearly, they both contribute equally to the final errors and they are much larger than unity, with the first term being dominant at low redshifts, whereas the second term dominates at high redshifts. Also, we should note that the equation used for deriving w from H is similar to the equation used to derive w from q, something which explains the magnitude of the errors (see for instance first row and third column in Table III. Finally, it should be stressed that all methods have certain limitations. For example, as mentioned in the previous paragraph, a value for Ω m0 is required in order to get an estimate of w(z), see Eq. (17) or values of H 0 , like in the fourth method, are needed since H 0 cannot be estimated by the data or at least marginalized over. As we are interested in making a "blind" comparison of the methods, we are not supposed to know the true values of the parameters of our underlying real cosmology, so we used the Planck best fits previously defined. In all cases we took care to propagate the errors from Ω m0 and H 0 to the derived parameters.
As a final remark, it is interesting to notice that the errors for the four reconstructed quantities q(z), w(z), H(z), d L (z) increase with redshift. The reasons are the following: for the deceleration parameter q(z) and the EOS parameter w(z) we performed the PC analysis and the transformation matrixW ij is composed by the eigenvectors of the Fisher matrix whose rows, that are the eigenvectors, have been ordered according to the corresponding eigenvalues. In practice, the first row is the eigenvector with the smallest eigenvalue and the last row is the eigenvector with the largest eigenvalue, see Sec. III.
For the Hubble parameter H(z) and the luminosity distant d L (z) the errors increase with redshift simply because the propagation formula is a linear function of the redshift.
V. CONCLUSIONS
In this paper we compared the four different methods that can be used to analyze the type Ia supernovae (SnIa) data, i.e. use different piecewise-constant functions, such as: the dark energy equation of state w(z), the deceleration parameter q(z), the Hubble parameter H(z) and finally the luminosity distance d L (z). These four quantities cover all main aspects of the accelerating Universe, i.e. the phenomenological properties of dark energy, the expansion rate (first and second derivatives) of the Universe and the observations themselves.
For the first two cases we also performed principal component analysis (PCA) so as to decorrelate the parameters, while for the last two cases we used a set of novel analytic expressions for the best fit. We derived the equations for the PCA for the two methods (w and q), while for the other two (H and D L ) we used their best fits as for the former we found that the parameters are very highly correlated so that a linear transformation, i.e. the PCA, cannot decorrelate them and that due to the degeneracy the MCMC also fails, while for the latter we found that the covariance matrix is already diagonal.
In order to test the methods we created sets of mock SnIa data (2000 points uniformly distributed in redshift z ∈ [0, 1.5]) for three fiducial cosmologies, the cosmological constant model (ΛCDM), a linear expansion of the dark energy equation of state parameter w(a) = w 0 + w a (1 − a) and the Hu-Sawicki f (R) model. Then we fitted the piecewise schemes on the mock data, either with a MCMC or by using the analytic formulas, and we found the best-fit parameters, to which we applied the PCA for the w and q methods.
In the last step of our methodology, we compared the four different forms of the PCA using the risk statistic defined in Eq. (40) and ranked the methods accordingly. The final results of our analysis can be seen in Tables III, IV To answer this question it is best to initially focus on the two mainstream approaches for the PCA, i.e. the w(z) and q(z) piecewise-constant methods. By inspecting Tables III, IV and V we see that, given a parameter of interest, i.e. moving horizontally on the Tables, then the best piecewise-constant scheme is always w(z).
If we also take the other two parameters into account, then we see that the best piecewise-constant method overall is d L (z), i.e. traditional binning, due to the fact that in this case the errors on the best-fit parameters are significantly smaller than in the other cases. In general, all methods suffer from a few limitations, for example using the q(z) scheme implies that in order to get a constraint on w(z) we have to assume a value for Ω m0 , as that cannot be estimated from the data alone.
Overall, the novelty of our analysis is twofold: we performed a systematic comparison of all the methods and subsequently tested them against mock data and against each other, for the first time in the literature and second, we presented several new analytical expressions for all four different forms of piecewise-constant methods. Our analysis will be immensely useful with the upcoming surveys that will collect a plethora of new data that will have to be analyzed in a systematic fashion and their cosmological information extracted. Moreover, it is rather straightforward to include other kinds of data as well and get even more stringent constraints on the parameters, but also to use more realistic mocks to see which of the methods performs the best in more realistic scenarios.
However, in this case the integrals are significantly more complicated due to the presence of the matter term. So, for the ith term we have:
where 2 F 1 (a, b; c; z) is a hypergeometric function defined by the series
on the disk |z| < 1 and by analytic continuation elsewhere; see Ref. [17] for more details. Now, if we sum up all the terms, the luminosity distance becomes:
where the last term in the parentheses is just a constant and as always we assume z 0 = 0. Finally, we have also checked numerically that the expressions above give the correct results.
The Hubble parameter H(z)
Here we write explicitly the derivation of the cosmological parameters starting from the binned Hubble parameter H(z). Let us write the Hubble parameter as
where h i are constant in each redshift bin z i , n tot is the total number of bins and θ(z i ) is the theta function, i.e. θ(z i ) = 1 for z i−1 < z ≤ z i and 0 elsewhere. Using the definition of the luminosity distance along with the previous equations we have
). In what follows we will focus on the case of bins with constant size, i.e. z i − z i−1 = dz so that g n ≡ n i=1h i − nh n , but our results can easily be generalized for bins of different sizes as well as well. Now, we transform the data from the distance modulus µ i to f i = . Then, the theoretical value is f th (z, n) = α c n +h n z , whereh n = h −1 n and α = 2997.9 h and the chi square can be written as
where the errors were found by standard error propagation σ
The advantage of this method is that the chi square of Eq.(A22) is quadratic with respect to the parametersh n and can be minimized analytically. At this point it is convenient to define the following quantities:
and
where j=1,n bin is meant to sum over only those points in the n th bin, by which it follows that
where n tot is the number of bins. With these definitions it is easy to minimize the χ 2 analytically, following the methodology of Refs. [21] and [22] . The first step is to expand the χ 2 as follows:
Now we can define the matrix
Then, the first derivatives of the χ 2 are:
while the second derivatives, i.e. the Fisher matrix evaluated at the best fit, arẽ
If we define the matrices:
then the Fisher matrix can be written asF
while the covariance matrix isC
where the last equation comes from considering the inverse of a sum of matrices, see Ref. [23] for details. As mentioned earlier, in this case the χ 2 is quadratic with respect toh, so we can use the methodology of Refs. [21] and [22] . Clearly, in this case we can write the χ 2 as
which means that
and that the best-fit parameters and the minimum χ 2 arẽ
As can be seen from Eqs. (A31), (A37) and (A39) the various parameters scale differently with α or equivalently h, eg the the Fisher matrix scales asF ij ∼ α 2 ∼ h −2 , while the best fit parameters ash min,j ∼ α −1 ∼ h. On the other hand, as seen from Eq. (A38) the minimum chi square χ 2 min is invariant since the contributions fromF ij andh min,j cancel out. This means that in this case the best-fit is degenerate with respect to h and as a result we have to fix it to some value before the actual fit.
Finally, we can also rotate the parameters to a basis where they are not correlated with each other, as in Ref. [22] .
To do so we define a new variable 
Also, it can be easily shown that for the uncorrelated parameters s i we have
The Fisher matrix of the original h i parameters will be given by F = J TF J, whereF is given by Eq. (A31) and
δ ij is the Jacobian of the transformation. In order to find the dark energy EOS parameter w we can use Eqs. (A12) and (A13). It is important to realize that the values of the h i = H i /H 0 parameters actually correspond to the average redshift in the bin, i.e. z ef f,i = 1 2 (z i−1 + z i ), so that we can evaluate Eq. (A12) at two different redshifts z ef f,i−1 and z ef f,i , and subtract to get 
Clearly, the χ 2 is linear with respect the parameters µ n , so in this case we can find closed-form analytical expressions for the best-fit parameters. First, we will make the following definitions
S µn ≡ j=1,n bin µ obs,j σ 2
where j=1,n bin is meant to sum over only those points in the n th bin, by which it follows that ntot n=1 S n = S,
where n tot is the total number of bins. With these in mind we can now find the best fit by taking the derivatives with respect to the parameters
= −2S µn + 2µ n S n (A57) = 0,
where we have used the fact that ∂µi ∂µn = δ i,n and that the first derivative should be zero at the minimum. Then, Eq. (A58) can readily be solved to yield
A similar calculation reveals that the chi square and its value at the minimum are other words verifying that our reconstruction methods indeed work as advertised. The difference from the theoretical curve and the PCA values make the χ 2 explodes as the numerator of the χ 2 will not be sufficiently small to kill the σ 2 i in the denominator. This is the opposite to what it is usually done when we deal with data, where we have a dataset and we try to find the best fit, which mean to find those curves that better describe the data within the errors. In the latter case the χ 2 will be in general small even if the errors are extremely small. In this work we found that the general χ 2 fails to describe the goodness or quality of our analysis, while the risk seems to be a more suitable parameter. As a final remark, we notice that the values shown in Table VI follow a general trend which is the opposite to the risk, i.e., when we go to a more complicated function then the errors increase and the χ 2 decreases (fourth column in Table VI from down to up). This effect can also be explained, as it was mentioned in the previous paragraph, by the fact that the very small or large errors affect the estimation of the χ 2 giving artificially large or small values even when the fit is obviously quite good.
